INTRODUCTION
Technical assistance to functional rehabilitation has attracted great interest recently; see, for example, [1, 2] and references therein. Many rehabilitation devices have been designed. For instance, Lokomat is a device for gait rehabilitation of patients suffering from neuromuscular trauma [3] . Another example is an open muscular chain lower-limb rehabilitation device developed by our research centre and named Multi-Iso [4] .
The design of a new device must start from specific needs expressed by clinicians in rehabilitation. For a specific muscular complex, several rehabilitation techniques may be considered. We are interested here in knee rehabilitation, and our interest naturally extends to the global lower limb musculoskeletal complex. For muscular deficiency, two rehabilitation techniques can be used: the first is named open muscular chain (OMC), which is characterised by strengthening an isolated muscle group; the second is named closed muscular chain (CMC), which is characterised by recruiting both the agonist and antagonist muscle groups that contribute to the movement [5, 6] . These two techniques are complementary and are used in various stages of rehabilitation protocols [7] .
For technical reasons, it is difficult to design a device that is able to reproduce these two techniques simultaneously. The only existing such device is named MotionMaker, but it is a very complex and expensive robotic structure [8] . Consequently, it can be used in the context of research studies but is not appropriate for common rehabilitation centres. OMC devices are commonly used in clinical contexts for lower-limb rehabilitation with isokinetic devices such as Cybex, Biodex or Multi-Iso [9] . More recently, CMC rehabilitation has received particular attention because of its ability to stabilise the targeted joint during exercises similar to those used in daily life (such as walking, sitting or standing up). For instance, Moflex, Contrex LP or Erigo devices are CMC rehabilitation devices [10] [11] [12] . Previous studies in our research centre led to the development of Multi-Iso [4] . To cover a larger group of rehabilitation protocols, our aim is to design an isokinetic CMC rehabilitation apparatus and robust control structure to ensure the safety of the users. Rehabilitation devices used for knee rehabilitation are controlled by classical control laws. Although the results obtained with these controllers are satisfying in terms of rehabilitation specifications, they are restrictive in terms of control performance, mainly because they do not theoretically guarantee good behaviour in the entire state space and do not ensure the rejection of external disturbances such as patient efforts.
Thus, previous works have proposed employing a nonlinear control scheme based on switching controllers [4] or, more recently, a coupled trajectory generator with a TakagiSugeno (T-S) fuzzy controller [13, 14] . However, these studies were only concerned with stability analysis, and the tracking performance of the rehabilitation devices was not guaranteed. Consequently, safe behaviour was not guaranteed, because the controllers could not reject external disturbances or uncontrolled users' efforts with the device.
We present the concept of a new CMC rehabilitation device, called Sys-Reeduc, and we propose a convenient tracking controller design that ensures safe behaviour for the users. In a preliminary study [15] , the stability performance in simulation was obtained through major modeling simplifications (including linearisation and decoupling) that make it difficult to apply the synthesised control law to the real system. In this paper, after presenting the kinematic concepts of the new rehabilitation device, a nonlinear dynamic model is derived via the well-known Lagrange equations. Then, a tracking control plant, based on a trajectory generator added to a nonlinear H ∞ tracking control law, is proposed. A description of the trajectory generator is proposed for isokinetic cyclic rehabilitation protocols, which are the most commonly used protocols in lower limb rehabilitation. Afterward, the design of a nonlinear control law ensuring robust trajectory tracking is investigated.
Among nonlinear controllers, T-S fuzzy model-based approaches have become popular, because the model provides universal approximators of nonlinear systems [16, 17] . Therefore, in the past few decades, T-S fuzzy control has been the subject of many theoretical studies; see, for example, [17] [18] [19] . Moreover, this modeling approach has been successfully employed for practical applications; see, for example, [20, 21] . The major interest of such approaches is that they allow extending some linear control techniques to nonlinear systems. In most cases, quadratic Lyapunov functions are employed to derive controller designs based on linear matrix inequalities (LMIs). Nevertheless, these approaches are conservative, because they require the existence of a common Lyapunov matrix for the whole set of LMIs. More recently, non-quadratic fuzzy Lyapunov approaches have been proposed to reduce the conservatism of LMI conditions [22] [23] [24] [25] . Nevertheless, the major drawback of such approaches is that they require knowledge of the membership function time derivative's lower bounds, which are difficult to obtain in practice. Complementary to these approaches, tracking controller designs have been considered [26, 27] .
In the present study, a tracking controller design is proposed based on T-S fuzzy descriptor modeling of the rehabilitation device [28, 29] . Indeed, although state space descriptors can be used to model algebraic systems such as singular systems [30] [31] [32] , they are convenient for dealing with mechanical systems with time-varying inertia [20, 21] . Moreover, LMI-based descriptor stability conditions provide relaxed quadratic fuzzy Lyapunov approaches without requiring knowledge of the membership function derivative [33] [34] [35] .
Note that, despite numerous works dealing with stability and stabilisation of T-S descriptor systems, to the best of the authors' knowledge, there are no available results, since the first quadratic result in [28] , dealing with robust T-S descriptor tracking control problems. In this paper, for the control law synthesis, a H ∞ criterion is employed to guarantee the attenuation of uncontrolled human disturbances. Thus, a relaxed quadratic fuzzy Lyapunov-based tracking controller design methodology is provided, based on linear matrix inequality conditions for the considered class of perturbed nonlinear descriptors. Finally, simulation results of isokinetic movements will illustrate the efficiency of the proposed control approach.
CONCEPT OF SYS-REEDUC

Definitions, advantages and drawbacks of OMC and CMC rehabilitation techniques
Exercises in open muscular chains are defined by the contraction of the agonist muscle group that allows the movement of the considered segment. In this rehabilitation mode, for a lower limb, the foot is considered "free", see Fig. 1 . This approach is efficient and allows fast recovery when strengthening isolated muscle groups. However, the major drawback of OMC is that it causes constraints localised on the anterior cruciate ligament and on the patellar tendon that can generate significant pain during intensive use [5, 36] . Moreover, this technique may result in joint imbalance because of asymmetrical stretching of the targeted joint complex.
Exercises in CMC are defined by simultaneous contraction of both the agonist and antagonist muscles for a particular movement. In most cases, these exercises are possible when the foot is in contact with a support, see Fig. 2 . Thus, all the muscles in a group contribute to the joint's actuation. Consequently, the musculoskeletal stretching is applied in a symmetrical way and contributes to increasing the joint stability. Thus, patellar pains are reduced during CMC rehabilitation compared with OMC rehabilitation [6, 37] . Note that the benefit of CMC could be longer-lasting than that of OMC.
Finally, OMC and CMC rehabilitation techniques are complementary and together allow patients to reach specific rehabilitation goals relating to different pathologies. For instance, during long-term rehabilitation protocols, one can imagine proposing CMC exercises for stabilising the whole joint complex and alleviating constraints generated by the OMC in a first step. In a second step, when the patient's clinical state makes it possible, rehabilitation in OMC could be proposed for a specific muscular strengthening while the joint balance achieved in CMC is maintained.
Kinematic concepts of Sys-Reeduc
Our objective is now to design an isokinetic CMC rehabilitation apparatus. By analogy with robotic systems, the mechanical complex {lower limb, rehabilitation device} must constitute a closed kinematic chain (CKC). For each lower limb, a CKC, shown in Fig. 3 , is proposed and is composed of the links 1 C , 2 C , 3 C , 4 C and 5 C , which are respectively the apparatus base, thigh, leg, foot and mobile foot's support. The joint between links i and j is denoted ,
According to the CKC depicted in Fig. 3 , the design of a new device consists of defining the
In that way, we assume that the human body consists of a set of rigid polyarticulated segments. In the sagittal plane, the whole kinematic structure, presented in Fig. 4 , is supposed to be composed of perfect joints such that:
L is the joint between the base and the thigh. The patient sits on a chair fixed to the base of the system. The trunk and the pelvis are also assumed to be fixed to the base. Then, 1,2 L is supposed to be a spherical joint corresponding to the coxo-femoral joint (hip). L corresponds to the knee, which is the main joint we wish to rehabilitate. Its complex kinematics were the subject of a previous study [38] and will not be detailed in this paper.
To simplify the specification of the Sys-Reeduc kinematic concept, the knee will be represented as a hinge joint around the main lower limb flexion-extension axis.
-The joints 3, 4 L and 4,5 L can be reduced to a unique joint, 3, 5 L . This requires that the ankle axes and mobile support hinge joint, in the sagittal plane, must be perfectly aligned with those of the foot mobile support. This constraint allows removing the foot from the kinematic chain. Then, 3, 5 L consists of two hinge joints. The first joint is the plantar flexion/dorsal flexion ( fd L ankle axis, which is collinear with the main lower limb flexion-extension axis). The second joint is the ankle internal-external rotation ( ie L ankle rotation in the tibia axis). Note that the adduction/abduction of the ankle was voluntarily omitted, because it has little influence on knee rehabilitation.
-The joint 5,1 L , between the foot's mobile support and the base, is realised by a prismatic joint along the axis defined by the lower limb in complete extension. 7 Because the mechanical structure of Sys-Reeduc is symmetrical, Fig. 4 represents only the right lower limb. To simplify the presentation of the rehabilitation mode, only the right lower limb will be considered in the sequel. Moreover, according to the kinematics defined in Fig. 4 [38] . These two axes will therefore be motorised, and the plantar flexion/dorsal flexion will remain passive (free or forced by a mechanical brake). In terms of rehabilitation, the motorisation of the joint 5 Then, by considering the kinematics of Sys-Reeduc and the effort supplied by the user, we can define the type of muscle contraction occurring during a particular exercise. Indeed, as depicted in Fig. 6 for flexion-extension, we can define four quadrants in the effort-speed plan for the characterisation of the muscular exercise, as follows.
t is applied in the device's movement direction, and the contractile mode is therefore called "concentric".
t is applied in opposition to the device's movement direction, and the contractile mode is therefore called "eccentric".
Fortunately, the observation depicted in Fig. 7 
CONTROL STRUCTURE DESIGN FOR SYS-REEDUC
Generic control structure
A generic control structure for rehabilitation devices is presented in Fig. 8 . This two-level structure is based on the following components.
-A trajectory generator, which provides the desired trajectory of the system regardless of the patient's efforts on the device. To achieve this goal, ( ) t ϕ is considered as an external disturbance to be attenuated or, in the better case, to be rejected. Note that, without the trajectory generator, the closed-loop rehabilitation device plant by itself does not allow the voluntary control of the system by the patient.
Trajectory generator design
A rehabilitation exercise can be viewed as a succession of n elementary movement phases
Hence, a discrete state machine can be used to represent these exercises, as depicted in Fig. 9 . In this case, the device's current position ( ) Therefore, it is necessary to define the whole movement characteristics for each elementary phase and the conditions to ensure the validity of transitions between two phases. Elementary phases can be discriminated into two different major classes: passive and active phases.
A passive phase is characterised by an absence of voluntary control by the user on the elementary movement. In that case, independently of the user's efforts, the device achieves the goal assigned to the phase. For instance, a forced stop in the current position as well as any movements that do not depend on the applied effort can be considered as passive phases.
In an active phase, the device's movements must be actuated by the user. In the following, isokinetic movements are considered, because they are commonly used in lower limb rehabilitation protocols. Thus, during an isokinetic elementary phase, the velocities 1 v and 2 v are constant and the desired trajectory to be tracked by the device can be written as:
where i t is the initial activation time of the ith phase and To define a cyclic isokinetic exercise, the discrete state machine, presented in To illustrate the desired trajectory generation during a cyclic isokinetic exercise described by this state machine, a simulation was performed with the parameters 1 Figure 10 shows the results obtained with
Note that the desired trajectory generation for internal-external rotation is not presented in this section, because it relies on the same principle as for flexionextension. With the trajectory generator defined, the goal is now to ensure the tracking of these trajectories by the dynamic system (consisting of the device and the user). Therefore, the following section will present the proposed nonlinear tracking controller design methodology.
Continuous control level of Sys-Reeduc
The goal is now to provide a convenient controller design methodology that ensures the tracking of the desired trajectories provided by the trajectory generator. Note that, in that case, the external efforts, consisting of the forces and torques applied by the user, must be rejected or attenuated by the device's dynamics. In that context, a H ∞ -based controller design can be employed. Moreover, in view of the nonlinear dynamics of Sys-Reeduc, a Takagi-Sugeno tracking controller design will be proposed.
Dynamic modeling of Sys-Reeduc
The mechanical scheme of Sys-Reeduc is presented in Fig. 11 . Note that the user is not included in this model because his/her movement cannot be artificially controlled. This justifies the use of a H ∞ -based design to attenuate these external disturbances to the device.
Thus, to synthesise the control law, we consider that the device is to be controlled via the motors' torques while the patient applies external effort. Recall that ( ) ( ) ( )
⎦ denotes the vector of the efforts applied by the user on the device. The mechanical parameters used to model the Sys-Reeduc dynamics are defined in Table 1 . These parameters were obtained from the design of the mechanical elements constituting Sys-Reeduc using the Catia software tools. Then, the dynamic model can be obtained using the well-known Lagrangian equations given by:
where i q and i Γ are respectively the coordinates and the generalised efforts associated with the th i degree of freedom, and c E and p E are respectively the kinetic and the potential energy.
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The mobile support's centre of gravity coordinates can be written in the frame ( ) Thus, its velocity can be written in the frame ( ) , , , o x y z as:
( ) ( ) ( )
Therefore, the kinetic energy can be expressed as:
C E M m q t l q t bq t q t q t Jq t
and the potential energy as:
where 9.81 g = m.s -2 is the gravitational constant.
Finally, substituting (9) and (10) in (2) and considering the generalised efforts
, the dynamic model of Sys-Reeduc is expressed by the following motion equation:
where ( ) ( 
⎦ denotes the generalised coordinates, and ( ) ( ) ( )
⎦ is the input vector.
T-S fuzzy descriptor modeling of Sys-Reeduc
We now propose a descriptor-based controller design. State space descriptors can be used to model algebraic systems such as singular systems [30] [31] [32] . Moreover, these are a convenient way to deal with mechanical systems with time-varying inertia and reduce the computational complexity of T-S-based LMI problems [20, 21] . By considering the following state vector of the system, ( ) ( ) ( ) ( ) ( ) (11) can be rewritten as the following state space descriptor:
T x t q t q t q t q t
= ⎡ ⎤ ⎣ ⎦ ,( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
E x t x t A x t x t Bu t H t
The goal is now to rewrite (12) as a T-S fuzzy descriptor of the form:
z t E x t h z t A x t Bu t H t
where: e and r are the numbers of fuzzy sets for the left and right hand sides of the state equation (13) The sector nonlinearity approach [17] is a convenient way to rewrite a nonlinear descriptor such as (12) as one of its T-S representations (13 
( ) To obtain each LTI model and the membership functions composing a T-S model matching (12), the following sector nonlinearity transformations are employed:
. 1 
From equations (17), (18) and (19) , the membership functions are given by: . . 
and the LTI matrices by: 
q E x t h q q A x t Bu t H t
ϕ = = = + + ∑ ∑ .(26)
LMI-based tracking controller design for T-S descriptors
With the T-S descriptor model of Sys-Reeduc from the previous section, we now provide a convenient controller design methodology ensuring the tracking of desired trajectories provided by the trajectory generator depicted in Section 3.2.
In the sequel, to simplify the mathematical expressions, we will consider the notations 
Z v z t h z t h z t Z = = = = ∑∑∑
, and so on.
As usual, a star (*) in an expression indicates a transposed quantity. Moreover, when there is no ambiguity, the time t will be omitted.
For the sake of generality, the following LMI results will be developed for the general class of T-S fuzzy descriptors described by (13) and rewritten with the above-defined notations as:
where
Consider the tracking control plant given by Fig. 12 . This plant contains a reference model that is required to write the closed loop dynamics given by the state space representation: 
where hv K and 11 0 Z > are the gain matrices to be synthesised.
As is classically the case for descriptors [28] , by considering the extended state vector (27) can be rewritten, for instance, as:
where * 0 0 0
In the same way, let us consider the extended reference state vector
x t x t x t ⎡ ⎤ = ⎣ ⎦ . (28) can be rewritten as: Let us define ( ) ( ) ( ) * * * r e t x t x t = − as the tracking trajectory error. We can write:
and (29) can be rewritten:
Combining (30) , (31) , (32) and (33) , the closed loop dynamics can be expressed by: [26, 27] . Thus, we consider the following H ∞ criterion:
e t e t dt t t dt
where η is the attenuation level to be minimised.
The main theoretical result is summarised in the following theorem.
Theorem: If the matrices jk K , 11 
where (1,1) 13 13 Proof: Let us consider the candidate Lyapunov function:
with hhv Z a non-singular 
where κ is the time constant and s the Laplace variable.
According to (43), a state-space reference model can be written by considering ( ) Table 2 .
In the present application, a good compromise could be 0.1 
t v q t h q t q t K Z x t x t
Note that in (45), the function ( ) rand t is used to simulate a noise measurement in the force applied by the patient. This function is set with a Gaussian disturbed signal of variance equal to 1000 and a sample time equal to 0.01 s.
These simulation results illustrate the efficiency of the performance in trajectory tracking obtained by using the proposed control law. Indeed, Figures 13 and 14 show that the H ∞ control law (44) successfully attenuates the external disturbances and compensates them via the input signal. In these simulations, the trajectory generator is not taken into account. Figure 15 illustrates the performance of the whole control structure design for Sys-Reeduc, depicted in Fig. 8 , including the isokinetic trajectory generator proposed in Section 3.2. This simulation shows that the trajectory generation is successfully realised while the tracking performance of the device is ensured.
CONCLUSIONS
After discussing the advantages and drawbacks of the OMC and the CMC rehabilitation techniques, the concept of a new CMC lower-limb rehabilitation device has been presented.
The proposed control structure consists of a trajectory generator and a continuous level ensuring the tracking control stability of the closed loop mechanical system. For the sake of generality, the principle of the trajectory generator was described as a parameterised discretestate machine. LMI-based tracking controller design methodology was developed for a class of T-S fuzzy descriptors suitable to represent the nonlinear dynamics of Sys-Reeduc.
Moreover, a H ∞ criterion has been employed to attenuate the user's efforts that are 
